Let be a commutative ring with identity. The zero-divisor graph of , denoted Γ( ), is the simple graph whose vertices are the nonzero zero-divisors of , and two distinct vertices and are linked by an edge if and only if = 0. The genus of a simple graph is the smallest integer such that can be embedded into an orientable surface . In this paper, we determine that the genus of the zero-divisor graph of Z , the ring of integers modulo , is two or three.
Introduction
This paper concerns the zero-divisor graphs of rings. For a commutative ring , define a simple graph called zero-divisor graph, denoted by Γ( ), whose vertices are the nonzero zerodivisors of , and two distinct vertices and are adjacent if and only if = 0 in . This definition was first introduced by Beck in [1] . However, he let all elements of be the vertices of the graph and mainly considered the coloring of this graph. Here our definition is the same as in [2] , where some basic properties of Γ( ) are established. The zero-divisor graph, as well as other graphs of rings, is an active research topic in the last two decades (see, e.g., [3] [4] [5] [6] [7] [8] [9] [10] [11] ).
Let us first recall some needed notions in graph theory. Let be a simple graph, that is, no loops and no multiedges. The degree of a vertex V ∈ , denoted by deg(V), is the number of edges of incident with V. If ⊆ ( ), then − is the subgraph of obtained by deleting the vertices in and all edges incident with them. If = { ∈ | deg( ) = 0 or 1}, then we usẽfor the subgraph − and call it the reduction of . A complete bipartite graph is a bipartite graph (i.e., a set of graph vertices decomposed into two disjoint sets such that no two vertices within the same set are adjacent) such that every pair of vertices in the two sets are adjacent. The complete bipartite graph with partitions of sizes and is denoted by , . The complete graph on vertices, denoted , is the graph in which every pair of distinct vertices is joined by an edge. A surface is said to be of genus if it is topologically homomorphic to a sphere with handles. A graph that can be drawn without crossings on a compact surface of genus , but not on one of genus − 1, is called a graph of genus . We write ( ) for the genus of the graph . It is clear that ( ) = (̃), wherẽis the reduction of , and ( ) ≤ ( ) for any subgraph of . Determining the genus of a graph is one of the most fundamental problems in topological graph theory. It has been shown to be NP-complete by Thomassen in [12] . Several papers focus on the genera of zero-divisor graphs. For instance, in [6, 7, 13, 14] , the authors studied the planar zerodivisor graphs (genus equals to 0); Wang et al. investigated the genus one zero-divisor graphs in [11, 15, 16] , respectively; and Bloomfield and Wickham determined all local rings whose zero-divisor graphs have genus two in [8] . In this paper, we study the zero-divisor graph of Z , the ring of integers modulo . In particular, we determine when (Γ(Z )) = 2 or 3. 
The Genus of Γ(Z )
The following two lemmas are frequently used in the proofs of our main results. 
Lemma 5. Let be a graph with vertex set
Proof. Note that there are no triangles in . As has 40 edges and 15 vertices, ( ) ≥ 4 by Lemma 4.
We first consider the case that has only one prime divisor. Note that each vertex of is adjacent to each vertex of and ∩ is empty, so there exists a complete bipartite subgraph This completes our proof.
We now consider the case that has exactly two prime divisors. Proof. We first prove that if 2 ≤ (Γ(Z )) ≤ 3 then ∈ {35, 36, 44, 50, 45, 52, 54}. We then determine (Γ(Z )) for each ∈ {35, 36, 44, 50, 45, 52, 54}. We proceed with four cases to get the result. In the following, we determine (Γ(Z )) for each ∈ {35, 36, 44, 50, 45, 52, 54}.
It is easy to see that Γ(Z 35 ) = 4, 6 . So (Γ(Z 35 )) = 2 by Lemma 3. For = 36, as mentioned in Case 4 above, Γ(Z 36 ) contains a subgraph 3, 8 . So (Γ(Z 36 )) ≥ ( 3,8 ) = 2. Γ(Z 36 ) can be embedded into 2 as shown in Figure 2 . So (Γ(Z 36 )) = 2. Since the reductions of the graphs Γ(Z 44 ) and Γ(Z 52 ) are For = 54, let = ⟨6⟩ − ⟨18⟩ and = ⟨9⟩ − {0}. Then | | = 6, | | = 5, and ∩ is empty. Since each vertex in is adjacent to each vertex in , there exists a complete bipartite subgraph 5, 6 in Γ(Z 54 ). Therefore (Γ(Z 54 )) ≥ ( 5,6 ) = 3. On the other hand, we can embed the graph Γ(Z 54 ) into 3 as shown in Figure 5 .
This completes the proof.
The final case is that has more than two prime divisors. 5,6 in Γ(Z 42 ), which implies that (Γ(Z 42 )) ≥ ( 5,6 ) = 3. On the other hand, we can embed Γ(Z 42 ) into 3 as shown in Figure 7 , so (Γ(Z 42 )) = 3.
This completes our proof.
